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ABSTRACT. The article proposes a new reconstruction of the ancient Babylonian cu-
neiform tablet Plimpton 322, containing 15 Pythagorean triples. This reconstruc-
tion is based on a sequential listing of sexagesimal fractions that have a finite num-
ber of digits and lie within the specified interval. 

KEYWORDS: Old Babylonian mathematics, Pythagorean triples, Plimpton 322.

 

 
Cuneiform tablet Plimpton 322 

The Babylonian cuneiform tablet Plimpton 322 is housed in the Plimpton Collec-
tion at Columbia University in New York City. George Arthur Plimpton, who do-
nated his collection to the university in the mid-1930s, received the tablet from ar-
chaeologist Edgar J. Banks in 1922. According to Banks, the tablet was found during 
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excavations at the ancient city of Larsa in southern Mesopotamia. It was composed 
around 1800 BC, during the Hammurabi dynasty, as determined by the nature of 
the cuneiform writing and by its similarity to other economic tablets found near 
Larsa. A break on the left and traces of glue on it indicate that this tablet had a left 
side, which was lost after the excavations. The surviving part of the tablet measures 
approximately 13 cm wide, 9 cm high, and 2 cm thick. 

The Plimpton 322 tablet was published by Neugebauer & Sachs 1945 and was 
analyzed in varying detail by Neugebauer 1951, Bruins 1949 et al., Weiman 1961, 
Price 1964, Raik 1967, Buck 1980, Friberg 1981. Subsequent publications on this tab-
let are also quite extensive; see the reference list at the end of the article. 

Preliminary data analysis 

The tablet contains numbers written in the sexagesimal notation in four columns 
and fifteen rows. The right-hand column contains the row numbers 1 through 15. 
The left-hand column will be discussed below; we will begin our discussion of the 
numerical data in the tablet with the two middle columns. Otto Neugebauer, who 
was the first to examine the tablet, showed that the middle columns contain num-
bers that are part of Pythagorean triples: the “height number” in the second column 
and the “hypotenuse number” in the third column. Based on this, he corrected four 
numbers that were written with errors. These numbers are written below in cor-
rected form and are highlighted in italics. Since the sexagesimal notation is unfa-
miliar to us, all these numbers are duplicated in decimal notation. The two col-
umns from the cuneiform tablet are supplemented here by another column with 
“base number” a, such that a2 = c2 – b2. 

 
A direct examination of this table reveals the following facts: 
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1) The numbers in the Pythagorean triples in all rows except two are coprime. 
The numbers (75, 45, 60) in the 11th row are divisible by 15 to the coprime triple 
(5, 3, 4). The numbers (106, 56, 90) in the 15th row are divisible by 2 to the coprime 
triple (53, 28, 45). 

2) All the “base numbers” except three are divisible by 60. The number 90 in the 
15th row is divisible by 30, and the numbers 3456 in the 2nd row and 72 in the 5th row 
are divisible by 12. 

3) Although the triples in the table at first glance are arranged disorderly, there 
is a certain order in their arrangement. This is indicated by the first column of the 
tablet, which contains the squared ratio of the hypotenuse to the base (or the 
squared ratio of the height to the base, which is one less). These squares decrease 
from top to bottom, from 1;59,0,15 = 1.983… in the 1st row to 1;23,13,46,40 = 1.387… in 
the 15th row. 

4) The triple (169, 119, 120) in the 1st row, whose legs differ by one, defines a right 
triangle whose height is slightly less than the base. In the following triangles, the 
angle between the hypotenuse and the base successively decreases, reaching an 
angle slightly less than 32°. 

Of course, the two main questions about Plimpton 322 are (1) how were these 
Pythagorean triples obtained, and (2) why are these particular triples, and no oth-
ers, written here? These are the questions we will try to answer below. 

The Pythagorean Theorem 

Since Plimpton 322 lists Pythagorean triples, we begin our analysis with the Pythag-
orean Theorem. The fact that in any right triangle the sum of the squares of the legs 
is equal to the square of the hypotenuse was certainly known to Babylonian math-
ematicians of this era. However, not a single tablet with a drawing demonstrating 
this theorem has come down to us. It seems that demonstrative reasoning in an-
cient Babylon was transmitted orally from teacher to his pupils and was not in-
tended to be recorded. 

The simplest proof of the Pythagorean Theorem is based on the following draw-
ing. Thу whole figure is composed here of two right-angled triangles and the square 
of its hypotenuse; but in another tessellation this figure is composed of the same 
right-angled triangles and the squares of both legs, which proves the theorem. 
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General formula for Pythagorean triples 

Now we will apply to the sides of a right triangle a general method known to Bab-
ylonian mathematicians for solving problems in which the area of a rectangle and 
the sum or the difference of its two sides are given. This method consists of repre-
senting two quantities c > b as the sum and the difference of two other quantities, 
с = p + q, b = p – q. 

Let c be the hypotenuse of a right triangle, and b one of its legs. Then the square 
of the other leg a can be represented as a2 = c2 – b2 = 4pq, which is shown in the 
following figure. 

 p q 
q 

a 

b 

c 

 
The next fundamental Babylonian idea is to set a = 1. In the Babylonian sexa-

gesimal notation, 1 simultaneously is 60, 3600, etc., and in the opposite direction, 
it is 1/60, 1/3600, etc., which we will also use. 

Since a2 = 4pq = 1, the numbers 2p and 2q are reciprocal. Historians of Babylo-
nian mathematics usually used the relation 2q = 1/(2p), but the numbers p and 4q 
= 1/(4p) are also reciprocal, and in this reconstruction we will express the hypote-
nuse c and the leg b through their arithmetic mean p in the following way: 

с = p + 1/(4p), 
b = p – 1/(4p). 



       Andrei  Shchetnikov / ΣΧΟΛΗ Vol. 20. 1 (2026) 193

Another problem leading to Pythagorean triples 

Let ab = S, a – b = d be given. To find the sides a and b, the segment b is applied to 
a, their difference d is divided in half. Now the rectangle is transferred to the gno-
mon, which is completed to a square. The area of this square is S + (d/2)2, and it is 
also equal to (b + d/2)2. 

 

b 

a 
d/2 b 

b 

a 
d b 

S 
d/2 

d/2 (d/2)2 

 

Denoting b + d/2 = p, we obtain the equation S + (d/2)2 = p2. Pythagorean triples 
are connected with this equation if the area S is the area of some square with inte-
ger sides. 

Now let ab = S, a + b = d be given. To find the sides a and b, the segment b is set 
aside from a, their sum d is divided in half; the rectangle is transferred to the gno-
mon, which is completed to a square. The area of this square is S + (d/2 – b)2, and 
it is also equal to d2. Denoting d/2 – b = p, we obtain the equation S + p2 = (d/2)2. 

 

b 
a 

d 

S 
b 

b 

d/2 

(d/2 – b)2 

d/2 

d/2 

b 
b 

 

In Babylonian mathematical tradition, the area S usually is taken as 1 (or, equiv-
alently, as 60, 602, etc.). In this case, the sides a and b are reciprocal numbers, and 
the problem was formulated as follows: “The difference or the sum of two recipro-
cal numbers is equal to d, find them.” 

Regular reciprocal numbers 

In Babylonian arithmetic, pairs of reciprocal numbers were considered regular, if 
both numbers had a finite sexagesimal notation. Many tablets with lists of such 
regular pairs have come down to us, and their standard beginning looks like this: 
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Such a table is used primarily for dividing one number by another. For example, 

to divide a number by 25, it is multiplied by 2.24, the reciprocal of 25 (that is, by 
2/60 + 24/602, or, what is the same, by 2 · 60 + 24, you just need to correctly sepa-
rate the integer digits from the fractional ones, which is done orally, not in writing). 

In relation to the construction of Pythagorean triples, the condition of regular-
ity of reciprocals means that the numerator and denominator of p in its factoriza-
tion must contain only powers of 2, 3, 5, which are prime divisors of 60. For the 
irreducible fraction an additional condition arises: if one of the numbers 2, 3, 5 is 
in the divisor of the numerator, this number must not be the divisor of the denom-
inator, and vice versa. 

Now we represent p as a simple fraction p = m/n and again turn to the formulas 
expressing the hypotenuse с and the leg b of the right triangle through their arith-
metic mean p (when the other leg a =1): 

с = p + 1/(4p) = m/n + n/(4m) = (4m2 + n2)/4mn, 
b = p – 1/(4p) = m/n – n/(4m) = (4m2 – n2)/4mn. 
If we want the numbers in the Pythagorean triple to be integers, we need to 

increase them by 4mn times: 
с = 4m2 + n2,     b = 4m2 – n2,     a = 4mn. 
If n is an odd number, this triple will be coprime, for m and n are coprime ini-

tially. If n is an even number, then m is an odd number, and the numbers in this 
triple can be reduced by 4. 

Here it should be emphasized that Babylonian mathematicians did not use sim-
ple fractions and performed all their calculations in sexagesimal notation. How-
ever, if p is a regular sexagesimal number, the reduction of the triplet to an irreduc-
ible form can be performed with such calculations too, which requires some skill 
in handling sexagesimal numbers. 

Key row of the table 

Now we will construct on this basis all the Pythagorean triples listed in the Baby-
lonian tablet. It is natural to start with the simplest case and set p = 1. In this case 
we get c = 5/4 and b = 3/4, which gives the Pythagorean triple (5, 3, 4). 
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However, the “Babylonian” reasoning in this case will be trickier. Let 
p = 1 = 60/60; then q = 1/4 = 15/60. Then, by addition and subtraction, we find 
c = 75/60 and b = 45/60. This leads to the Pythagorean triple (75, 45, 60), which 
stand in the 11th row of the Babylonian tablet. 

This row divides the table into upper and lower parts, and we will look at them 
separately. 

The upper part of the table 

Let p = 6/5; then q = 5/24. We reduce both fractions to a common denominator and 
obtain p = 144/120, q = 25/120. Hence c = 169/120, b = 119/120. This leads to the Py-
thagorean triple (169, 119, 120), defining a right triangle close to half a square. 

Next, we will list the Pythagorean triples satisfied the condition 1 < p ≤ 6/5, ac-
cording to the following rule. First of all, we write out the numbers composed of 
the factors 2, 3, 5, in ascending order: 

1, 2, 3, 4, 5, 6, 8, 9, 10, 12, 15, 16, 18, 20, 24, 25, 30, 32, 36, 40, 45, 48, 
50, 60, 64, 72, 75, 80, 81, 90, 96, 100, 108, 120, 125, 128, 135, 144, …  

Taking these numbers as possible numerators of p, we find denominators from 
the same sequence which satisfied the condition 1 < p ≤ 6/5, where the simple frac-
tion p is irreducible. The first ten terms of this sequence are 

6/5, 9/8, 10/9, 16/15, 25/24, 27/25, 32/27, 75/64, 81/80, 125/108.  
The next fractions are 128/125, 135/128, 144/125, …; however, the author of the 

tablet stops at 125/108, as we will see below. 
Now let’s arrange these ten fractions in descending order: 
6/5, 32/27, 75/64, 125/108, 9/8, 10/9, 27/25, 16/15, 25/24, 81/80. 
Knowing p, we find q = 1/(4p), and bring p and q to a common denominator. 

Then, by addition and subtraction, we find ten Pythagorean triples which stand in 
the first ten rows of the Babylonian table: 
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The lower part of the table 

At the lower limit we set p = 9/10; then q = 5/18. Reducing both fractions to a com-
mon denominator, we obtain p = 81/90, q = 25/90. Hence c = 106/120, b = 56/120. 
This gives the Pythagorean triple (106, 56, 90), which stands in the bottom row of 
the table. The numbers in this triple can be reduced by dividing them by 2, but 
originally they are obtained in this form. 

Let us begin to search for p that satisfies the condition 9/10 ≤ p < 1. Again select-
ing denominators to the numerators from the sequence written out above, we ob-
tain the sequence 

9/10, 15/16, 24/25, 25/27, … 
The next its fractions are 80/81, 125/128, …; but the author of the table stops at 

25/27 and does not go further. 
Now we arrange these four fractions in descending order: 
24/25, 15/16, 25/27, 9/10. 
Using them, we find the Pythagorean triples (c, b, a) of the last four rows of the 

Babylonian table and complete its construction: 

 
Here we can explain why the table was divided into upper and lower parts. If 

we go through all p satisfying the condition 9/10 ≤ p ≤ 6/5, we would take into ac-
count p = 80/81, but the corresponding triple (32161, 19039, 23920) is not included 
in Plimpton 322. 

Questions and answers 

Question: Why was the first triple chosen to be (169, 119, 120)? 
Answer. The author of the table wrote down in the first row a Pythagorean triple 

whose legs differ by 1, so that the right triangle obtained on this basis would be as 
close as possible to half a square. It is remarkable that the base of this triple is equal 
to 120, that is, 2 in the Babylonian notation. It is interesting to understand how this 
triple was found in the first time. 

Question: Why was the last triple chosen to be (106, 56, 90)? 
Answer. The small leg in this triple is approximately equal to half the hypote-

nuse, it is possible that the ratio 90/56 = 45/28 was considered as an approximation 
for √3. However, this approximation is not very good, since the approximation 7/4 
= 1,45 is much better, and the approximation 26/15 = 1,44 is even better. Also we 
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can assume that this sequence of Pythagorean triples had further rows, but they 
did not fit into the size of the table. 

Question: Why wasn’t the triple (106, 56, 90) reduced by 2? 
Answer. Because the numbers 81 and 25, from which it was obtained, are both 

odd, and reduction is impossible at their level; it is only done after the triple has 
been obtained in the form in which it is written. (In the real table, an error was 
made in this line and the pair (106, 28) corrected by Neugebauer was written.) 

Question: For what purposes was such a tablet needed? 
Answer. Several answers to this question have been proposed by various au-

thors. Some of them consider this tablet to be similar to a trigonometric table, 
where angles are in increments of approximately 1°, but this opinion is too strong 
an anachronism, since trigonometric tables are needed only in astronomy, and as-
tronomy in Babylon at the time when the tablet was compiled was still in its in-
fancy, compared to the much later and mathematized astronomy of the Seleucid 
era. The assumption that such a tablet was needed to compile arithmetic problems, 
and perhaps even to solve them, seems much more plausible. 

Question: Why are the triples in the table ordered by decreasing angle, and not 
in the order of obtaining the numerical ratios on the basis of which these pairs are 
constructed? 

Answer. As Mansfield & Wildberger 2017 point out, this fact strongly suggests 
that Plimpton 322 was used in some sense as a “trigonometric” tablet (without di-
rectly calculating angles, of course). However, the examples of interpolation they 
give are not very convincing. 

Question: What does the author consider to be the main result of this article? 
Answer. The main result of this article is the division of the process of construct-

ing Pythagorean triples into two stages. At the first stage, numbers with prime fac-
tors 2, 3, 5 are listed, and then such pairs of coprime numbers from this sequence 
are found, the quotient of which lies in the given interval. These pairs are ordered 
in descending order of the quotient, after which Pythagorean triples are con-
structed on their basis. 

Question: But such a division was made in previous articles, what is the differ-
ence? 

Answer. The difference is that I use the form p ± 1/(4p), while the authors of all 
previous articles dealt with the form (p ± 1/p)/2. Therefore, the pairs “numerator 
and denominator of p” in my construction are listed naturally (two left columns in 
the table below), while in the construction that was proposed earlier, the source of 
this listing was hidden (two right columns in the table). To transform the old listing 
into the new one, even numerators must be divided by 2, and even denominators 
must be multiplied by 2. 
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Question: What does the author still not understand? 
Answer. The author still does not understand the role of the first column of the 

table, which contains the squared ratio of the hypotenuse and the leg (or the 
squared ratio of two legs) of right triangles. Why was it necessary to calculate these 
squares? Were they calculated before or after the integer sides of the triangles were 
calculated? Were these squares used in composing any problems? 
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