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ABSTRACT. The theories accounting for cognition based on formal schemata often claim
that there is a logic in the human mind. From the thesis on the river given by Heraclitus
of Ephesus, in this paper, it is argued that, if that logic exists, it cannot be simple, and
that, at a minimum, it requires the assumption of some kind of temporal elements,
which, in general, seem not to be considered in such theories. In particular, some reflec-
tions about possible ways those elements could be taken into account are presented.
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Introduction

Currently, there are several formal theories supporting the thesis that there is re-
ally a logic in human thought, one of the most important approaches in this way
being, perhaps, that of the mental logic theory, which proposes even a basic syn-
tax in our mind (e.g., Braine & O’Brien 1998a; O’'Brien & Li 2013). However, these
theories still have great challenges to face. One of them is that they need to prove
that, indeed, it is possible to capture all of the arguments and inferences that can
be expressed in natural language by means of the formulae of a formal logical
language, and this is exactly the problem that will be addressed in this paper.
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Thus, my hypothesis here will be that, if it is true that a logical language of that
type can be supposed, that language must have certain complexity and include,
as a minimum, a temporal dimension, and, therefore, be able to differentiate
moments in time. This point will be shown by means of a well-known argument
offered by an ancient philosopher, Heraclitus of Ephesus. In particular, the argu-
ment is that related to the impossibility for anything to be immersed in the same
river twice, and the intention will be to explain how, certainly, that is an argu-
ment that can only be linked to a logical form if we resort to formulae referring
temporality.

But to do all of this, I will firstly present the fragment in which the argument is
attributed to Heraclitus and try to contextualize it with some more data. Second-
ly, I will describe the general characteristics that the formal theories often have.
And thirdly, I will try to show that Heraclitus argument raises difficulties that the
usual machinery of those theories cannot easily remove, and that such difficulties
can disappear only if such theories are supplemented with resources to capture
scenarios changing in time. So, the next section is devoted to the argument pro-
vided by Heraclitus.

You cannot immerse yourself in the same river twice

The Heraclitus’ argument that will be analyzed in this paper is to be found in the
dialogue Cratylus (402 A) authored by Plato. It is as follows (see also, e.g., Frag-
ment 215 in Kirk, Raven, & Schofield 1987):
Aéyet mov ‘Hpdahettog 8t vt xwpel xal 003ev pével, xal motauod pofj dmeudlwy ta dvta
Aéyet wg Sig &g ToV alToV TOTaUOV 00X AV Eufains.
[Heraclitus somewhere says that all the things are moving and nothing remains immo-

bile, and comparing beings to a river current, he says that you could not immerse your-
selfin the same river twice].

In principle, the sense of this fragment seems to be obvious: everything changes
in the same way as rivers, which never have the same water in different moments.
In two distinct moments, the water of a same river is different, and this makes
that very river different in those two moments. Thus, nothing is the same in two
points in time.

Fragment 216 in Kirk et al. (1987), which corresponds to a text written by Aris-
totle (Physics © 3, 253b 9), clarifies further the idea of the argument:

xai gact Tves xwvelobat TV vty od Ta pev ta &' ol, dAAd AavBdvey TodTo TV NueTépay
alobnow.
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[Some people do not even state that some beings are moving and some beings are not,
but that all of the beings are constantly moving, even though this fact is beyond our sen-
sory perception].

Nevertheless, it cannot be said that this argument does not cause discussions be-
tween the specialists. For example, Kirk et al. (1987) and Guthrie (1962) give dif-
ferent interpretations of it. But the exact meaning of the argument when under-
stood from the general framework of Heraclitus’ philosophy is not the most
interesting aspect of it in this paper. Here, it is enough to literally consider the
example that is attributed to Heraclitus by Plato in Cratylus, that is, that it is not
possible for anything to be in the same river twice, the reason of that being that,
in the second moment, the river would be no longer exactly the same. Water
passes and hence the specific water that is part of the river in a point in time can-
not be part of that very river in another point in time. As shown below, this idea
cannot be described by just simple well-formed formulae of classical first-order
predicate logic. It is necessary to introduce, at least, elements referring to time.
However, before explaining why this is so, the next section describes general the-
ses habitual in the formal theories.

A logic for the human mind: the formal theories

As indicated, there is not a formal theory, but different theories that, without
sharing exactly the same theses, agree that the human mind works by applying
formal schemata to the logical forms that correspond to the sentences in natural
language. In this way, clearly, a proposal can be (and, in fact, has been) to think
that human thinking strictly follows standard logic and hence to link reasoning to
papers such as those of Gentzen (1934, 1935). Nonetheless, many experimental
results reported in the literature on cognitive science that cannot be accounted
for by supposing that our mind just considers rules such as the ones of classical
logic to make inferences have led to more elaborated versions of formal theories.
Indeed, results such as those mainly obtained with the four-cards selection
task (e.g., Wason 1966, 1968) and arguments such as those summarized in papers
such as the one of Johnson-Laird, Khemlani, and Goodwin (2015) showed very
soon that it is not very probable that human beings make inferences simply using
the formal rules of classical logic, since, if this were so, the majority responses in
several reasoning tasks should be different from the usual ones. In this way, vari-
ous logical approaches intending to explain the differences between the respons-
es predicted by classical logic and those that are actually got (that is, to explain
the errors from the classical logic point of view) have been presented, including
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that of Henlé (1962) or that of Rips (1994). However, maybe, the strongest frame-
work in this direction is nowadays the one of the mental logic theory, which has
already been mentioned.

Certainly, the mental logic theory accounts for facts such as those indicated by
insisting that the mental logic in our mind is not classical logic, even though they
are very similar (e.g., O’Brien 2014). Perhaps, it might take too long to comment
on all of the aspects of the mental logic theory that differentiate it from classical
logic and, therefore, in its view, enable to understand the mistakes in reasoning
habitually made by people. Nevertheless, some of the most well known of them
can be enough to illustrate what this theory is exactly. Firstly, it proposes that the
fact that a particular schema is valid in classical logic does not necessarily imply
that that very schema is part of the logic of thought. Empirical evidence shows
which of those schemata are really generally applied by individuals and, based on
that information, the proponents of the theory clearly point out the rules that are
natural in the human mind, which are those that people more often use, and the
specific circumstances in which we can expect that such rules are used (e.g.,
Braine & O'Brien 1998b).

On the other hand, the adherents of the mental logic theory are also aware
that individuals do not deal with contradictions in the same way as classical logic.
This last logic allows deriving any well-formed formula in its system from a con-
tradiction. And this is so by virtue of a well known principle: Ex Contradictione
Quodlibet Sequitur. True, given two formulae such as o and -o (where ‘-’ stands
for negation), any formula 3 can be inferred in classical logic, the content of f3
being any possible content of any well-formed formula. Nevertheless, in mental
logic inferences of this kind are not valid. Inconsistencies only reveal that some of
the logical forms used in our inferential process is/are false. Therefore, contradic-
tions only lead to review the previous mental contents and assumptions (e.g.,
Braine & O’Brien 1998c).

Furthermore, another very important point of the theory is that it acknowl-
edges the role that general information had by people plays. Thus, when individ-
uals make deductions, they do not only take the sentences explicitly present in
the inferences into account, but also sentences, with their logical forms, express-
ing data known by them and which are in their long-term memory. These sen-
tences are often called ‘pragmatic premises’ and, based on the mental logic theo-
ry, is very hard to understand the real human inferential activity without them
(e.g., Braine & O’Brien 1998a, 1998¢; Gouveia Roazzi, Moutinho, Bompastor Bor-
ges Dias, & O'Brien 2002).

There is no doubt that theses such as these ones give powerful resources to
explain the actual human intellectual behavior. However, if we think about the
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argument offered by Heraclitus indicated in the previous section, they can appear
to be insufficient. As held in the next pages, that argument cannot be formally
captured without some type of formal elements related to time. And, as far as I
know, not only the mental logic theory lacks elements of this kind, but also the
other formal theories.

The need for a temporal dimension

To show why a temporal dimension is necessary to capture Heraclitus’ argument,
I will resort to a language akin to the one of first-order predicate logic. As said, the
logics proposed by the formal theories do not always absolutely match that logic
(for the particular case of the mental logic theory, see, e.g., Braine 1998). Nonethe-
less, I think that this is not a problem for, at least, two reasons. On the one hand, I
have indicated that I will only assume a language similar to that of first-order
predicate logic, and not all of its rules and requirements, and this is so because I
intend to make no derivation correct in first-order predicate logic and unac-
ceptable in any formal theory. On the other hand, if one reviews the languages of
the formal theories, it can easily be noted that translating expressions or formu-
lae in the first-order predicate logic language into such languages is not difficult
at all. So, it is evident that the explanation that I will present here can also apply
to all of the formal theories.

Having said that, I just remind, before continuing, the meanings of certain
symbols habitual in first-order predicate logic I will use:

V: Universal quantifier.

P: Predicate letter that, in this case, will refer to the action to be immersed.
x: Independent variable.

a, b, c: Constants.

—: Conditional relationship.

-: Negation (it has already been defined).

In this way, given that the fragment in Cratylus mentions the action of entering
(the verb éuBaivw is used) in the same river (ég Tov adTov Totaudv), it is clear that it
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is necessary for the predicate letter ‘P’ to be dyadic and enable the construction of
formulae such as this one:

[I]: Pab (where ‘a’ represents, e.g., a particular person, ‘b’ stands for a particular
river, and hence the entire formula means that ‘a is immersed in b’).

However, what the argument provides is that it is not possible to be immersed in
the same river twice (i), and, given the resources of a language such as the one
of first-order predicate logic, maybe the best way to indicate that can be the fol-
lowing:

[II]: Pab — -Pab

But [II] continues to be unsuitable for two causes. Firstly, it refers to only one in-
dividual, a, and the fragment seems to imply that nobody can be in the water of
the same river twice. Secondly, what it really states is not that a cannot be im-
mersed in b twice, but only that, if a is immersed in b (Pab), then a is not im-
mersed in b (-Pab).

The first problem is not difficult to solve. It is enough to resort to the universal
quantifier and transform [II] as follows:

[IIT]: Vx (Pxb — -Pxb)

Now, the formula expresses that, ‘for all x, if x is immersed in the river b, then x is
not immersed in the river b’. Nevertheless, it is clear that the second problem
cannot be eliminated with resources such as those of classical first-order predi-
cate logic alone. There is no doubt that the Greek word dig refers to two different
moments in time, and that circumstance can only be captured by means of tem-
poral elements such as, for example, those corresponding to the semantics
adopted by Lopez-Astorga (2014). As in this last paper, without assuming all of
the elements of temporal logics, we can take some aspects of them to deal with a
particular difficulty. In our case, it appears that we only need a semantics of mo-
ments in time, that is, just one of the temporal elements adopted by Lopez-
Astorga (2014). That semantics can be described as a set T = {t, t,,..., t,} of mo-
ments in time with characteristics such as those that, based on Vazquez (2001),
are assigned to it in Lopez-Astorga’s paper, i.e., characteristics such as irreflexivi-
ty, transitivity, onward linearity, backward linearity, endlessness in the future,
endlessness in the past, and density (Lopez-Astorga 2014: 63; Vazquez 2001: 189).
Thus, [IIT] could be transformed into:
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[IV]: Vx [Pxb(t;) = -Pxb(t;)] (wherei>1<n,j>1<n,andi=j).

Obviously, [IV] is the formula that, amongst the four ones proposed until now,
best expresses Heraclitus’ idea, as it states that, ‘for all x, if x is immersed in b at
time i, x is not immersed in b at time j. As explained between brackets, both i and
j are moments in time greater or equal to () 1, less than or equal to (<) n, and dif-
ferent from (+) each other. So, [IV] clearly implies that Sig ég tov adTtov ToTauoy
ovx av éuPaing, i.e., that you cannot be immersed in the same river twice, since, if
you are immersed in it at a time such as i, you are not at a time such as j.

Of course, one might think that [IV] can be improved to better represent the
argument, as, for example, because Heraclitus seems to refer to any river, ‘b’ may
not be a constant and may be transformed in a variable akin to x and universally
quantified. However, while this is actually so, it is also true that [IV] is illustrative
enough to explain the point that this paper is intended to show, that is, that tem-
poral elements are absolutely necessary in this case.

Nonetheless, a stronger possible objection against this account could be that
temporal elements are not actually clearly needed, and that simple modal opera-
tors can be sufficient. Thus, it could be argued, for instance, that, without assum-
ing a system such as K, which, as it is well known, is called in this way in recogni-
tion of the developments given by Kripke (e.g., Kripke 1959, 1962, 1963a, 1963b,
1965), in entirety, it would also be possible to resort to a modal language includ-
ing, in addition to all the elements of classical first-order predicate logic, the
modal operators of possibility (0) and necessity (0), the final result being a for-
mula such as this one:

[V] Vx (Pxb — -0Pxb)

But this formula has inconveniences too. On the one hand, what it expresses is
that ‘for all x, if x is immersed in the river b, then it is not possible for x to be im-
mersed in the river b’. Evidently, apart from the fact that the sentence itself ap-
pears to make no sense (since it says that something happening is not possible), it
does not describe what Heraclitus really wanted to claim, and this is clearly so
because it lacks temporal dimension. On the other hand, following the usual def-
initions in the modal logic language, a formula such as -0a is equivalent to 0O-q,
which in turn means that [V] is equivalent to:

[VI]: Vx (Pxb — O-Pxb)



Miguel Léopez-Astorga / XXOAH Vol. 13.1 (2019) 15

And, expressed in natural language, [VI] is even more contradictory than [V], as it
provides that ‘for all x, if x is immersed in the river b, then, necessarily, x is not
immersed in the river b’. Furthermore, although all of the elements of a system
such as K are not assumed, it is obvious that the acceptance of ¢ and o leads, by
virtue of common sense, to the acceptance of some axioms as well. That is the
case, for example, of the axiom named ‘Axiom of Possibility’ by Hughes and
Cresswell (1968), which has a structure similar to the following:

[VII]: oo — Qo (see also, e.g., Fitting & Mendelsohn 1998, p. 5).

Undoubtedly, [VII] requires that the antecedent of [V] implies the contrary of
what it implies, i.e., that it implies OPxb, and not -0Pxb. Accordingly, [VII]| seems
to show that [V] is, if not absolutely incorrect, at a minimum, unsuitable. So, only
a modal formula such as the following could be acceptable with some certainty:

[VIIT]: Vx (Pxb — -0Pxc) (where ‘b’ is at time t; and ‘¢’ is ‘b’ at time t;, t; and t
keeping the characteristics attributed to them in [IV]).

But, again, apart from the fact that, as b in [IV], b and ¢ could be quantified in
[VIII] and hence this last formula could be much more complex, the explanation
between brackets reveals that a temporal dimension of any kind is always neces-
sary for Heraclitus’ argument. Even if we use some elements coming from a sys-
tem such as K, such elements have to allow distinguishing moments in time to
understand what the argument truly means. Therefore, it seems that, if we wish a
logic that is able to describe the formal structure of the real arguments and infer-
ences made by people, that logic must somehow include a temporal dimension.

Conclusions

It is not new that the philosophical thought in general and the Pre-Socratic
thought in particular often cause problems to classical logic, since it is sometimes
hard, from this last logic, to find the correct logical forms for the sentences and
theses provided by thinkers (see, e.g., for the particular case of Thales of Miletus,
Lopez-Astorga 2017). However, this does not mean that there cannot be a logic
with the potential to capture such sentences and theses, or that a mental logic is
impossible. The only point that it seems to prove is that those logics cannot be as
simple as the classical one.

Perhaps this fact also demonstrates that such logics cannot be even as basic as
the systems presented by the formal theories for now, since, for example, as men-
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tioned, it appears that none of those theories include clear elements to refer to
temporal dimensions. Nevertheless, as it can be inferred from what has been
shown in this paper, circumstances such as this last one do not prevent from
speaking about formal schemata in the human mind either. In fact, what the pre-
vious pages really evince is that even arguments such as the one of Heraclitus of
Ephesus commented on here, which, at least prima facie, appears to be intended
to argue that reality is intrinsically contradictory and inconsistent (see, e.g., Kirk
et al. 1987, or Guthrie 1962, for a discussion to check to what extent this is exactly
s0), can be expressed by means of a logical language. The only aspect that needs
to be clarified is which language is the best one to carry out activities of that kind.

Accordingly, we cannot reject the hypothesis that a logic of thought exits yet.
Maybe that logic is not, as said, that of the mental logic theory or any of those
proposed by the other formal theories, but it is obvious that a logic of that type is
absolutely possible. In this way, this paper makes it clear that, in addition to em-
pirical and experimental studies, attempts to find the deep formal structure of
the theses offered by some philosophers, especially if such theses try to provide
very complex and abstract ideas, can also be useful to identify what that logic can
be exactly.

Thus, one of the most important findings of these pages is that the argument
about the river given by Heraclitus is actually very difficult to formalize without
temporal elements. So, it would be interesting to review, with a methodology
similar to that used here, other arguments presented by other ancient and mod-
ern thinkers in order to confirm whether or not such elements are absolutely
necessary in a possible logic of thought, or to see whether or not they reveal that
other modal logics elements are required as well. In any case, it is evident from
the account in the previous section that the work in this direction can be a rele-
vant line of research to explore.

Furthermore, it is also clear that it is absolutely true neither that logical forms
cannot capture all the richness of what can be involved in natural language nor
that that can only be done, as held by, for example, Johnson-Laird (2010), by
means of iconic scenarios describing reality akin to those raised by Peirce (1931-
1958). It has also been claimed that even iconic scenarios such as those ones can
be expressed using logical forms (e.g., Lopez-Astorga 2015). Hence, there is no
doubt that the search of more or less systematic mechanisms to obtain logical
forms should continue. It is important not only in fields of study such as infor-
mation processing or philosophy, but also in areas such as linguistics and transla-
tion. And the relevance that modal language in general and a temporal semantics
in particular can have in this activity is one of the points that this paper has high-
lighted.
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